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Introduction
Fiber-reinforced composites are used widely as structural components in many engineering applications. In many cases the degradation of physical properties of such composites is caused by the debonding of fibers. This fact should be accounted for when studying the elastic wave propagation in fiber-reinforced composites, for example, for their adequate ultrasonic non-destructive evaluation (see Achenbach [1] ). Additional interest lies in considering non-circular fibers, which can give rise to some special properties of composite materials in the average sense, as was shown by Bond et al. [2] .
The effective dynamic characteristics of fiber-reinforced composites with partially debonded elastic fibers have been investigated by several authors. Phase velocity and attenuation of an SH-wave in a composite with circular fibers were calculated by Zhang and Gross [3] . Sato and Shindo [4] examined the effective characteristics of P-and SV-waves in elastic composites with elliptical inclusions. The solutions of elastodynamic problems for a single scatterer are a necessary constructive part of such investigations. In this aspect Yang and Norris [5, 6] , Zhang and Gross [3] , and Wang and Wang [7] discussed the scattering of elastic waves by partially debonded circular elastic or rigid inclusions. Sato and Shindo [4] considered such a problem for an elongated elliptical elastic inclusion with an interface crack. Diffraction of an SH-wave by a debonded elastic inclusion of more complicated square and triangular shapes was studied by Kunets et al. [8] . However, the extension of 2 these methods to the analysis of the macroscopic dynamic behavior of composites with distributed debonded inclusions of general shapes was not realized until now.
In this paper we analyze the effective dynamic characteristics of two-dimensional (2-D) elastic composites with partially debonded elastic inclusions by using the null field approach. Previously this method has been successfully applied for the time-harmonic analysis of electromagnetic and acoustic scattering by Waterman [9] . Many references on the subject can be found in the papers by Varatharajulu and Pao [10] , Olsson and Boström [11] , Boström et al. [12] , Emets et al. [13] and in the review works by Martin [14] , Beskos [15] , and Boström [16] . Boström and Olsson [17] proposed a modification of the null field approach to study the scattering of elastic waves by non-planar cracks, where the "square-root" behavior of the solution at the crack-tip is explicitly considered. In the present paper this approach is implemented for an interface crack, when the unknown displacements and stresses at the interface have an oscillatory character in a small region around the crack-tips. Such an approach may considerably increase the accuracy in the calculation of the scattering parameters. By using the null field approach and Foldy's relations [18] , the effects of the fiber shape, debonding (interface crack) size and direction of wave incidence on the effective P-wave velocity and attenuation coefficient are analyzed.
Wave scattering by a single inclusion and the null field approach
Consider an unbounded elastic matrix 1 W with the mass density 1  W . An interface crack is located on a part 0 S of the matrix-fiber interface S and the conditions of a perfect (or ideal) contact are assumed on the part 1 0 \ S S S  (see Figure 1 ). The elastic composite is in time-harmonic motion, therefore the common factor exp( )
where i is the imaginary unit,  is the circular frequency and t is the time. The longitudinal and transverse wavenumbers in the matrix are 
To completely formulate the scattering problem the radiation conditions at infinity are required.
The scattered displacements in the far-field can be written as The incident and scattered wave fields are expanded into the cylindrical waves by the formula 
In particular, for an incident plane longitudinal P-wave we have
and for an incident plane transverse S-wave we have With the purpose of finding a numerical solution of the exterior problem (1) - (4) in the far-field of a scatterer the null field approach is used. Then, from the outer and the inner integral representations
we can obtain
The representation of the unknown functions on S can be realized in different ways. Here, we use the modified null field approach developed by Boström and Olsson [17] , in which the behavior of the solution at the crack-tips is accounted for explicitly. The asymptotic behavior of the displacements and stresses at the crack-tips can be determined by the technique proposed by Dempsey and Sinclair [21] or Kondrat'ev and Oleinik [22] . Accordingly we have the following asymptotic approximations Similarly as in [17] , introduce the auxiliary field
where
( 1 2 ) ( 1 2 ) , on , 
are the unknown coefficients of the expansions (11) .
Substituting the expansions (11) into the equations (8) and using the boundary and continuity conditions (2) and (3) we obtain the following infinite system of linear algebraic equations for the
In the numerical computations the summation index m has to be truncated at some limit max m . Indeed, in our analysis an acceptable accuracy is obtained if we take max by numerical experiments. In principle, there is no problems to go to higher wavenumbers (frequencies), but then the value of the truncation parameter must be rechecked.
As the result of equation (4) and the integral representation for () s u x [10] , the far-field amplitude is determined by the formula
Equation (13) can be rewritten in the form Consequently, the expressions (13) and (14) give the solution of the scattered displacements in the far-field of a scatterer.
Homogenization for distributed inclusions with interface cracks
For the sake of brevity, let us consider the situation when a plane longitudinal P-wave propagates in an elastic composite containing multiple debonded inclusions with a uniformly random distribution. Note here that the analysis can be easily extended to the transverse S-wave propagation in a similar manner.
The location of the inclusions is assumed to be random, while their orientation is either completely random or aligned. In addition the shapes and the cross-sectional areas of the inclusions as well as the size of their debonding are assumed to be equal. The average response of such a composite solid to the wave propagation is characterized by the wave dispersion and attenuation due to the scattering process.
These properties can be described by an effective medium approach with a complex and frequencydependent wave number
where ( ) ), for aligned inclusions.
It should be mentioned that, similarly to the paper by Eriksson et al. [23] for the case of randomly oriented inclusions, the average forward scattering amplitude and the T-matrix elements are related by 
is the phase velocity of the longitudinal P-wave in the matrix. That results in
Numerical examples
The method proposed above is used to study the plane time-harmonic longitudinal wave propagation through fibrous composites in the presence of debondings between the matrix and the fibers. The shape of the cross-section of the fibers is given by To illustrate the accuracy of the proposed method we present in Figure 2 the frequency dependence of the normalized scattering cross section
for the P-wave scattering by a single circular elastic inclusion with a debonding for the composite II, which coincides with the result of Yang and Norris [5] obtained by another method. Figure 3 illustrates the frequency dependence of the normalized scattering cross section  for composite III with an ideally bonded quasi-square inclusion for different values of the parameter  determining the rounding according to (19) . For the rounding parameter 0.175
 
the result is compared with that given by Shindo et al. [24] . A perfect agreement is obtained in this case.
The effective dynamic properties of composites in the zero-frequency limit should approach the corresponding static ones. Consider a composite with randomly distributed and ideally bonded circular fibers, where analytical solutions in the static case are available. In particular, the following relations for the static effective material parameters  ,  and  are taken from [25] 1 2
(1 )
From equations (20) In the low frequency range the attenuation coefficient  increases and the normalized effective velocity c decreases when the crack size increases. We observe also a sharp increase of the attenuation coefficient  when the frequency increases. As expected [6] , the behavior of the effective characteristics of the composite shows a resonance property at a very low frequency when the neck of the bonded interface becomes sufficiently small. In the medium frequency region
) the attenuation coefficient  decreases when the debonding size increases. However, for a wave travelling in a symmetry direction there is no change in polarization in the forward scattering and Foldy's theory can be expected to hold [23] . This is the situation for 
Conclusions
The solution of wave scattering problem by a partially debonded elastic fiber and Foldy's theory for wave propagation in multiphase materials with distributed fibers of dilute concentration are used to predict the effective phase velocities and the attenuation coefficients of plane longitudinal P-wave in 2-D fiber-reinforced composites. Wave scattering by a single inclusion is investigated by a modified null field approach, taking into account the asymptotic behavior of the solution at the interface crack-tips.
Perfectly bonded fibers with circular, elliptical and square cross-sections and debonded fibers with interfacial cracks are considered in the present analysis. To investigate the influences of the wave frequency, the fiber shape, the fiber size, the fiber orientation or the direction of the wave incidence, and the size of interfacial cracks on the effective dynamic parameters, several numerical examples for plane longitudinal elastic wave propagation in infinite elastic composite materials with both randomly oriented and aligned debonded fibers are presented and discussed. 
